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This paper demonstrates the e� ectiveness of using multiple-histogram reweighting (MHR) to
study phase transitions in con®ned ¯uids by examining capillary condensation, prewetting,
and layering transitions for di� erent systems. A comparison is made with previously published
simulations, where available, to establish the accuracy of MHR as applied to inhomogeneous
systems. Overlap between adjacent state points is assessed through single-histogram reweight-
ing. Capillary condensation for methane adsorption in slit-like graphite pores exhibits 2D
behaviour. Crossover of the e� ective exponent for the width of the coexistence curve from
2D Ising-like (1/8) further away from the critical point to mean-®eld (1/2) near the critical
point is observed. The reduced critical temperature, the density and the e� ective value of the
exponent for the model system are 0.77, 0.482, and 0.119, respectively, based on a ®t to the
simulation data. Prewetting transitions are observed for adsorption of Ar on solid CO2 using
model potentials. The wetting temperature is estimated based on the intersection of the pre-
wetting and bulk vapour±liquid lines, and also by extrapolation to zero of the di� erence
between the saturation and prewetting chemical potentials. The reduced wetting temperature
is estimated to be around 0.69. The reduced prewetting critical temperature, calculated from
the disappearance of the two peaks in the density probability distribution, is estimated to be
0.92. The monolayer to bilayer (1±2) transition for propane on graphite is computed over a
range of temperatures. Results for the 1±2 layering transition computed from MHR from a
small system are in good agreement with grand canonical Monte Carlo simulations for a much
larger system.

1. Introduction

Con®ned ¯uids are known to exhibit a rich variety of

phase transitions that are absent in bulk ¯uids [1±3].

Perhaps three of the most interesting phenomena are

capillary condensation, prewetting transitions and

layering transitions. Each of these transitions has been

studied previously in some detail through the use of a
variety of computer simulation techniques. Di� erent

simulation methods may be required to characterize

these di� erent phenomena. For example, grand poten-

tial or Gibbs ensemble calculations are needed to locate

capillary condensation [4±6]. Prewetting transitions are

often located by plotting the isotherms and density

pro®les from grand canonical Monte Carlo or iso-
thermal±isobaric Monte Carlo simulations [7, 8].

Layering transitions have been observed from grand

canonical Monte Carlo simulations coupled with

grand potential calculations [5].

In this paper we demonstrate that multiple-histogram
reweighting (MHR) [9±11] can be an accurate and e� -
cient tool for studying phase transitions in con®ned
¯uids. The MHR method has been shown to be useful
for studying the phase behaviour of bulk ¯uids [12±15],
but has not been used widely for studying the properties
of con®ned ¯uids.

Gelb and Gubbins applied the histogram reweighting
technique to study the phase diagram of a simple binary
liquid mixture in the semi-grand canonical ensemble
[16]. They used single histogram reweighting to estimate
the biasing potential needed for barrier crossing. Esco-
bedo and de Pablo studied the secondary transition for a
12-6 Lennard-Jones ¯uid in a composite large sphere

matrix with histogram reweighting analysis [17].
Recently, Poto� and Siepmann calculated the e� ect of
branching on the ¯uid phase behaviour of alkane mono-
layers using histogram reweighting with the ®nite-size
scaling technique [18].

Capillary condensation occurs when a ¯uid is strongly
adsorbed in a micropore below the capillary condensa-
tion critical temperature. The transition is characterized* Author for correspondence. e-mail: karlj@pitt.edu
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by a gas condensing to a liquid-like state that entirely
®lls the pore space at a bulk pressure less than the
saturation value [19, 20]. Typically, grand canonical
Monte Carlo (GCMC) simulations are used to construct
the adsorption isotherms for the prediction of capillary
condensation. Peterson and Gubbins [4] calculated the
grand potential through integration of isotherms and
paths of constant chemical potential in order to com-
pute the equilibrium chemical potential for capillary
condensation. In a completely di� erent approach, Hef-
fel®nger et al. [21] used quenched molecular dynamics to
study capillary condensation in cylindrical pores. The
chemical potentials of the gas-like and liquid-like
regions were computed from the potential distribution
theorem for inhomogeneous ¯uids. Some prior knowl-
edge of the phase behaviour is required to implement
this approach, because the overall density must be
chosen such that the system is in the unstable region
when quenched. Panagiotopoulos extended the Gibbs
ensemble Monte Carlo method for the prediction of
adsorption and capillary condensation [6]. The coexis-
tence densities of gas-like and liquid-like phases in equi-
librium inside a pore can be obtained through a single
pore±pore calculation. However, then a series of pore±
¯uid calculations is needed to construct the isotherm.

The existence of wetting transitions was ®rst predicted
in 1977 independently by Cahn [22] and Ebner and
Saam [23]. It was predicted that a gas that weakly
adsorbs onto a solid surface will exhibit non-wetting
behaviour at low temperatures and may undergo a
®rst-order transition to wetting behaviour at a higher
temperature T w. By non-wetting we mean that the thick-
ness of a ®lm adsorbed on a surface remains ®nite at all
pressures below the saturation vapour pressure; by wet-
ting we mean that the ®lm thickness diverges as the
saturation pressure is approached. Prewetting occurs
when there is a ®rst-order transition from a thin ®lm
to a thick ®lm adsorbed on the surface. The prewetting
transition terminates at the critical prewetting tempera-
ture [24, 25]. Finn and Monson were the ®rst to observe
the existence of a prewetting transition through molecu-
lar simulation [8]. They used isothermal±isobaric Monte
Carlo to identify the prewetting transition by observing
the jump in adsorption on an isotherm associated with
the thin-to-thick ®lm transition [8]. Large ¯uctuations in
the coverage typically accompany prewetting transi-
tions, making precise location of the transition a di� cult
task. For this reason, later work by Fan and Monson
[26] utilized calculation of the surface tensions in the
thin and thick ®lms in order to locate the prewetting
transition more precisely. Experiments and simulations
by Mistura et al. [27] demonstrated that Ar on solid CO2

actually exhibits triple-point wetting, rather than pre-
wetting as predicted by Monson and coworkers. The

reason for this discrepancy is that the potential models
used in the simulations [8, 26] do not accurately repre-
sent the potential surface of the real Ar±CO2 system.
More realistic solid±¯uid potential models [27] are
more strongly attractive than the potential used by
Monson et al. We note that grand canonical Monte
Carlo simulations have been used to study prewetting
transitions for a variety of other systems [28, 29].

Thick ®lms adsorbing on a substrate can either grow
continuously or in a stepwise fashion. If the growth is
stepwise, then each layer grows by a succession of ®rst-
order layering transitions at pressures lower than the
bulk saturation pressure [30]. Layering transitions of
simple ¯uids and lower alkanes on graphite have been
studied extensively through experimental techniques
[31]. Iwamatsu has shown that layering transitions can
be expected to occur for systems that exhibit both
incomplete and complete wetting [32]. For wetting
growth the thickness of the ®lm increases to in®nity as
the bulk saturation pressure is approached. If the wet-
ting is incomplete then a transition from incomplete
wetting to wetting will occur as the temperature is
increased. Layering transitions will persist to T w if
T w < T R where T R is the bulk roughening transition
[33]. If T w > T R then a thin-to-thick ®lm prewetting
transition precedes divergence of the ®lm thickness.
Each of the layers terminates at a layer critical point
temperature, T c…m†, where m is the number of layers in
the ®lm. It has been found that T c…m† can approach the
triple point either from above [33] or below [34] with
increasing m.

In this paper we demonstrate that MHR can be
applied accurately and e� ciently to compute capillary
condensation, prewetting transitions, and layering tran-
sitions. Histograms for a given system can be combined
in order to compute isotherms under any of the con-
ditions spanned by the simulations. The location of
phase transitions can be computed accurately through
the equal area criterion [35] without resorting to compu-
tation of the grand potential [4, 5]. The precision of
MHR allows us to observe crossover in the critical expo-
nents for capillary condensation. This is di� cult to
accomplish through a series of isolated simulations. In
this paper, we use MHR to construct estimates for the
capillary condensation, wetting temperature and prewet-
ting critical temperatures, and to ®nd layering transition
pressures for propane on graphite.

2. Theory and methods
The basic idea of MHR is that histograms collected

from a number of independent simulations may be com-
bined to construct an estimate for the partition function
[9±11]. The multiple histogram reweighting technique
can be used to calculate phase diagrams of bulk ¯uids



accurately [12±15, 35]. This method allows the calcula-
tion of equilibrium properties over a range of conditions
from a relatively small number of state points. The
phase diagrams from histogram reweighting can be
very accurate [13]. The coexistence densities and satura-
tion chemical potential can be calculated through the
use of the equal area criterion and Hill’s method [35].

Su� cient overlap between histograms of adjacent
state points is necessary in order to implement the
MHR technique. Here we describe one method for
checking for the extent of overlap between pairs of
state points. The grand canonical partition function
can be written as

X…·; V ;T † ˆ
X

N

X

UN

exp‰N­ · ¡ ­ UNŠO…N; V ; UN†

ˆ
X

N

X

UN

CH…UN; N†; …1†

where ­ ˆ 1=kT , k is the Boltzmann constant, T is the
absolute temperature, O N; V ; UN… † is the microcano-
nical partition function, C is a simulation-speci®c con-
stant, and H…UN; N† is the 2-dimensional histogram of
con®gurational energy UN and number of molecules N
collected during the simulation. The con®gurational
chemical potential · is de®ned by

· ˆ ·f ¡ kT ln L3 ‡ kT ln…qint†; …2†

where ·f is the full chemical potential, L is the thermal
de Broglie wavelength, and qint is the intramolecular
partition function, accounting for density independent
terms such as rotational and vibrational Hamiltonians.
The grand canonical partition function for a di� erent
state point with con®gurational chemical potential · 0

and temperature T 0 can be estimated by single-histo-
gram reweighting:
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X

N

X

UN

exp‰N­ 0· 0 ¡ ­ 0UNŠO…N; V ; UN†

ˆ
X

N

X

UN

exp‰N…­ 0·0 ¡ ­ ·† ¡ …­ 0 ¡ ­ †UNŠ

£ H·;V ;T …UN; N†C; …3†

where H·;V ;T …UN; N† is the histogram collected at
…·; V ;T †. The ratio of the grand canonical partition
functions between these two state points based on the
histogram collected at …·; V ;T † is computed through

X…·0; V ;T 0†
X…·; V ;T † ˆ

P
N

P
UN

exp‰N…­ 0·0 ¡ ­ ·†
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UN

H·;V ;T …UN; N† :

…4†

Likewise, one may collect histogram data at the state
point de®ned by …·0; V ;T 0† and extrapolate to

…·; V ;T †. The ratio of these two partition functions
can be expressed by interchanging · with ·0 and T
with T 0 in equation (4). In the thermodynamic limit
the following equation must be satis®ed:

X…·0; V ;T 0†
X…·; V ;T †

£ X…·; V ;T †
X…·0; V ;T 0†

ˆ 1: …5†

We use equation (5) to check the extent of overlap
between histograms by performing relatively short
GCMC simulations at each state point. Not all of
the ¯uctuations in energy and particle number acces-
sible to the state points in the thermodynamic limit can
be observed in a ®nite simulation. Consequently,
equation (5) will not be satis®ed exactly for state
points extrapolated from histogram reweighting, but
should be satis®ed approximately within some toler-
ance

X…·0; V ;T 0†
X…·; V ;T †

­­­­
HR

£ X…·; V ;T †
X…·0; V ;T 0†

­­­­
HR

ˆ 1 § ¯; …6†

where the subscript HR indicates that the partition func-
tion in the numerator has been extrapolated from histo-
gram reweighting. We have found that ¯ ˆ 0:65, that is,
values of the LHS of equation (6) between 0.35 and 1.65
indicate su� cient overlap of the two state points. We
have used this method to select the state points to simu-
late in longer production runs. We denote this procedure
to check the overlap as the single-histogram reweighting
method (SHR). Note that equation (6) is not symmetric
with respect to inversion because we stipulate that the
extrapolated partition functions are always in the
numerator.

Details of our implementation of the multiple-histo-
gram reweighting technique are described elsewhere [35].
The ratios of the Xs for several state points were
obtained from multiple-histogram reweighting and com-
pared with the values calculated from equation (4) in
order to verify that the degree of overlap between
adjacent state points was su� cient. Single-histogram
reweighting from equation (6) and MHR were used to
analyse the histograms. The results are presented in
table 1. The values computed from MHR are based on
a combination of 30 histograms. The values of the ratios

X2=X1 between 10 pairs of state points as calculated
from SHR and MHR are tabulated in table 1. The
good agreement between the two methods indicates
that a value of ¯ 4 0:65 in equation (6) is indicative of
histograms with su� cient overlap.

3. Capillary condensation
In this section we present results of MHR for capil-

lary condensation. The potential model used to investi-
gate capillary condensation is the same as that used by



Jiang et al. [5], namely, methane adsorbing in a graphite
slit-like pore of width H ˆ 5¼, where ¼ is the Lennard-
Jones (LJ) diameter of a methane molecule. The ¯uid
particles in the slit pore interact with each other via the
truncated and shifted (TS) LJ potential

¿TS…r† ˆ
¿…r† ¡ ¿…rc† r 4 rc;

0 r > rc;

»
…7†

where ¿…r† is the full LJ potential given by

¿…r† ˆ 4"
¼

r

± ²12
¡ ¼

r

± ²6
µ ¶

; …8†

" is the well depth and ¼ is the molecular diameter. The
value of the cuto� was 2:5¼, as used in [5]. The solid±
¯uid interactions are represented by the 10-4-3 solid±
¯uid potential [36, 37]

¿sf …z† ˆ 2p»s"sf ¼
2
sfD

"
2

5

¼sf

z

± ²10
¡ ¼sf

z

± ²4

¡ ¼4
sf

3D 0:61D ‡ z… †3

Á !#

; …9†

where z is the distance between a ¯uid particle and a
solid surface, D is the separation between the individual
graphene planes, and »s is the solid density. The cross-
parameters ¼sf and "sf were calculated from the Lorentz±
Berthelot combining rules. The parameters were taken
from [36, 37]: they are ¼ff ˆ 0:381 nm; "ff=k ˆ 148:1 K,

¼ss ˆ 0:340 nm, "ss=k ˆ 28:0 K, D ˆ 0:335 nm, and

»s ˆ 114 nm¡3. For a given slit pore of width H, the
external potential experienced by a ¯uid molecule at z
is given by ¿ext…z† ˆ ¿sf…z† ‡ ¿sf…H ¡ z†.

The volume of the unit cell was ®xed at 900¼3 with a
separation of 5¼ between the two opposite adsorbent
surfaces. The lateral dimensions of the box were equal

in the x and y directions. Periodic boundary conditions

in the x and y directions were employed. We used

7 £ 107 trials to achieve equilibrium and 7 £ 107

moves for data collection. Histograms were collected

every 14 moves. Standard reduced units were used,
with the reduced temperature given by T ¤ ˆ kT =" and

the reduced density »¤ ˆ »¼3. The reduced chemical

potential is ·¤ ˆ ·=".

We combined 30 histograms in the reduced tempera-

ture region from 0.6 to 0.9. Two representative iso-

therms are plotted in ®gure 1. As a general test of the

accuracy of the MHR isotherms we have also plotted

Table 1. Ratios of the grand canonical partition function computed from single-histogram reweighting (SHR) and multiple-
histogram reweighting (MHR). The calculation is for methane adsorption in graphitic slit pore.

SHR MHR

T ¤
1 ·¤

1 T ¤
2 ·¤

2

X1

X2

X2

X1

X1

X2

£
X2

X1

X2

X1

0:9 ¡5:57 0:9 ¡5:50 7:5374 £ 10¡14 1:5222 £ 1013 1:1473 1:4971 £ 1013

0:9 ¡5:50 0:9 ¡5:45 3:7830 £ 10¡11 2:9184 £ 1010 1:1040 2:7088 £ 1010

0:9 ¡5:45 0:9 ¡5:40 6:9859 £ 10¡12 1:352 £ 1011 0:9444 1:3634 £ 1011

0:85 ¡5:65 0:9 ¡5:57 7:5537 £ 1027 1:3189 £ 10¡28 0:9962 1:2211 £ 10¡28

0:75 ¡5:90 0:7 ¡6:10 2:5573 £ 10¡26 1:6060 £ 1025 0:4107 3:3113 £ 1025

0:7 ¡6:6 0:7 ¡7:0 3:7151 £ 1071 2:7838 £ 10¡72 1:0342 2:7188 £ 10¡72

0:65 ¡7:2 0:6 ¡7:6 2:4925 £ 1017 4:0865 £ 10¡18 1:0185 4:4315 £ 10¡18

0:9 ¡5:0 0:85 ¡5:0 1:1024 £ 10¡65 1:4597 £ 1065 1:6091 1:1898 £ 1065

0:725 ¡5:90 0:725 ¡5:8 1:8069 £ 10¡34 8:9568 £ 1033 1:6184 6:8511 £ 1033

0:7 ¡5:9 0:685 ¡6:02 1:8520 £ 1014 4:9617 £ 10¡15 0:9189 4:5241 £ 10¡15

Figure 1. Isotherms for T ¤ ˆ 0:7 (solid line) and 0.6 (dashed
line) from multiple histogram reweighting for methane
adsorption in a graphitic slit pore of width 5¼. Data
from individual GCMC simulations that were (*) and
were not (&) included in the MHR calculations are
shown.



state points calculated directly from GCMC simulations

in ®gure 1. We present data from simulations that were

included in generating MHR isotherms and also data

from state points that were not used to construct the

histograms in the MHR. The di� erences between densi-
ties obtained from multiple-histogram reweighting and

those from GCMC simulations are small. The average

densities obtained from 19 GCMC simulations not

included in multiple-histogram reweighting were

compared with densities from multiple-histogram
reweighting. The isotherms examined were T ¤ ˆ 0:9,

0.85, 0.825, 0.8, 0.7, and 0.6. The average absolute

error in the densities between GCMC and MHR is

3 £ 10¡3. The maximum and minimum absolute errors
are 7 £ 10¡3 and 2 £ 10¡4, respectively. Many of the

values from MHR agree with those from the simula-

tions, within the uncertainty of the simulations.

For T ¤ ˆ 0:7, the values of the coexistence densities
computed from MHR are 0.358 and 0.631 for the

vapour-like and liquid-like branches, respectively, and

the capillary condensation coexistence chemical poten-

tial ·¤
cc is ¡5:978. These data are in excellent agreement

with the values from Jiang et al. [5], who reported den-
sities of 0.36 and 0.627 for the vapour-like and liquid-

like branches, respectively, and ·¤
cc ˆ ¡5:93. Jiang et al.

located the coexistence points by calculating the grand

potentials in each branch. The equilibrium transition
occurs when the grand potentials in each phase are

equal [4], whereas adsorption and desorption isotherms

are plagued by metastability-induced hysteresis.

The lowest temperatures where histograms were col-

lected were 0.6 and 0.65 for the vapour-like and liquid-
like sides, respectively. The T ¤ ˆ 0:6 isotherm was

generated by extrapolating the histograms at higher

temperatures and lower densities in order to generate

the liquid-like branch of the isotherms. This is possible

because ¯uctuations recorded at higher temperatures
and lower densities sample some of the microstates im-

portant at lower temperatures and higher densities,

giving a physically realistic extrapolation. The reliability

of the extrapolation is con®rmed by the agreement

between the MHR isotherm and the two simulation
points (not included in the histograms) on the liquid-

like branch shown in ®gure 1. The values of coexistence

densities from MHR are 0.360 and 0.692 for the vapor-

like and liquid-like branches, respectively. These values
are very close to those of 0.36 and 0.68 from Jiang et al.

[5]. The MHR isotherm gives ·¤
cc ˆ ¡6:309, which is in

good agreement with the value computed from grand

potential calculations of ¡6:32 [5].
The coexistence densities in the reduced temperature

region from 0.68 to 0.76 were ®tted to the scaling law

and rectilinear law [38]:

»¤
l ‡ »¤

v

2
ˆ »¤

c ‡ A…T ¤ ¡ T ¤
c†; …10†

»¤
l ¡ »¤

v ˆ B…T ¤
c ¡ T ¤†­ c ; …11†

where »¤
l and »¤

v are the reduced coexistence densities for
the liquid-like and vapour-like branches, respectively, T ¤

c

and »¤
c are the reduced critical temperature and density,

­ c is the critical exponent, and A and B are ®tting par-
ameters. Regression of the MHR equilibrium data to
equations (10) and (11) gave T ¤

c ˆ 0:77, »¤
c ˆ 0:482,

and ­ c ˆ 0:119. The ®tted value of ­ c is reasonably
close to the value of 0.125 (1=8) for the 2D Ising uni-
versity class [39]. The data calculated from MHR and
the ®tting are shown in ®gure 2.

The crossover of the e� ective exponent from 2D
Ising-like (1=8) away from the critical point to the
mean-®eld value (1=2) in the immediate vicinity of the
critical point is clear in ®gure 3. These results reveal the
2D behaviour of capillary condensation. As Mon and
Binder have pointed out [40], one expects the observed

exponents to correspond to the correct universality class
when the correlation length is much less than the simu-
lation box length. This is indeed the case for low
temperatures, corresponding to T ¤ < 0:74 for the
system represented in ®gure 3. At temperatures near
the capillary condensation critical point the correlation
length becomes large compared with the box length, and
the ¯uid then conforms to mean ®eld behaviour due to
the suppression of critical ¯uctuations. Figure 3 is, to

Figure 2. T ¤ versus »¤ phase diagram for capillary condensa-
tion of methane in a graphitic slit pore. The ®lled circles
are the coexistence data calculated from the equal area
criterion. The ®lled diamond is the critical point estimated
from ®tting the coexistence data to the rectilinear and
scaling laws, equations (10) and (11). The solid line is
the ®t to the data. The squares are the rectilinear dia-
meters. The dashed line is provided as a guide to the eye.



the best of our knowledge, the ®rst observation of cross-
over for capillary condensation.

4. Prewetting
In this section we present details and results of our

MHR calculations for a system that exhibits a prewet-
ting transition. We have investigated the same system
as studied by Monson and coworkers, namely, Ar
adsorbing on a solid CO2 surface [8, 26, 41]. Their simu-
lations were performed for a ¯uid interacting through
the truncated LJ potential,

¿TR…r† ˆ
¿…r† r 4 rc;

0 r > rc;

»
…12†

where ¿…r† is the full LJ potential given by equation (8)
and rc is 2.5¼. The ¯uid±solid interaction at the
adsorbing wall is given by the LJ 9-3 potential,

¿w…z† ˆ 2p
3

»w¼3
w"w

2

15

¼w

z

± ²9
¡ ¼w

z

± ²3
µ ¶

; …13†

with ¼w ˆ 0:3727 nm, "w=k ˆ 153 K, »w¼3
w ˆ 0:988, and

z is the distance between the ¯uid and the adsorbing
wall. The opposite wall was chosen to be re¯ecting.
The parameters for the ¯uid±¯uid interactions are

"=k ˆ 119:8 K, and ¼ ˆ 0:340 nm.
Monson and coworkers [8, 26, 41] reported isotherms

between T ¤ ˆ 0:83 and 1.0 for pressures up to satura-
tion. Their estimate for the reduced wetting temperature
is T ¤

w ˆ 0:84 § 0:01, and the reduced prewetting critical
temperature estimate is T ¤

pwc ˆ 0:94 § 0:02. They
observed a prewetting transition at T ¤ ˆ 0:88 from

their simulations, but no prewetting transitions at

T ¤ ˆ 0:83 and T ¤ ˆ 0:80.
In this work we have chosen the volume of the unit

cell for the Ar/CO2 model system to be 1620¼3 with
H ˆ 20¼. Periodic boundary conditions were applied
in the x and y directions. We used 107 steps for equili-
bration followed by an additional 108 steps for data
collection. Histograms were collected at every step. We
collected and combined 30 histograms in the tempera-
ture region from 0.8 to 1.05. We compute the total, not
excess adsorption in this work. Note that the equal area

criterion can be used with the total adsorption to ®nd
prewetting transitions. The bulk density term adds a
constant to both the thin and thick ®lms at a ®xed T ¤

and ·¤. This constant cancels out when computing the
di� erence between the areas of the probability density
distributions. The ability to use total instead of excess
adsorption isotherms is an advantage because the pro-
cedure for computing excess adsorption in a simulation
is somewhat ambiguous [42±44].

Several isotherms computed from MHR are shown in
®gure 4, along with results from GCMC simulations.

The di� erences between densities obtained from
GCMC simulations and MHR are typically smaller
than the errors in the simulations. Prewetting is associ-
ated with the ®rst S shaped rise in coverage in ®gure 4
for T ¤ ˆ 0:83 and 0.88. The second rise and plateau are
associated with box ®lling close to the bulk saturation
point. The prewetting transition exhibits considerable
rounding due to ®nite-size e� ects [45]; hence it is di� cult
to tell if there is a ®rst-order transition from the shape of
the isotherm. The coexistence densities and chemical

Figure 3. Scaled width of the coexistence data versus reduced
temperatures for the capillary condensation of methane in
a graphitic lit pore. The 2D Ising exponent of ­ c ˆ 1=8 is
shown as * and * denotes the mean-®eld value of
­ c ˆ 1=2.

Figure 4. Isotherms for T ¤ ˆ 0:83 (solid line), 0.88 (dashed
line), and 1.0 (long dashed line) from multiple histogram
reweighting for Ar adsorption on solid CO2. Data from
individual GCMC simulations that were (*) and were
not (&) included in the MHR calculations are shown.



potentials were computed from the equal area criterion,
as for capillary condensation. Hill’s method was used to
get an initial estimate for the value of the coexistence
chemical potential [35]. The existence of two distinct
peaks with equal areas in the density probability is su� -
cient to identify the transition as ®rst order. The density
probability distribution at T ¤ ˆ 0:83 and ·¤ ˆ ¡3:801 is
shown in ®gure 5. We also obtained a two peak equal
area density distribution for T ¤ ˆ 0:80. This is signi®-
cant because Monson and coworkers did not observe
prewetting transitions at these temperatures. At these
low temperatures, the prewetting transition pressure is
closer to the saturation pressure than at higher tempera-
tures, making identi®cation of the prewetting transition
especially di� cult from standard simulations. However,
MHR allows relatively easy identi®cation of prewetting
transitions, even very near the saturation pressure.

The prewetting transitions seen on the T ¤ ˆ 0:83 and
0.88 isotherms can also be characterized by the local
density pro®les, shown in ®gures 6 and 7. We note
that density pro®les cannot be computed from MHR
because we have not collected histograms of »…z† as a
function of UN; N. Referring to ®gure 6, we observe that
adsorption is limited to a thin layer on the surface for

·¤ < ¡3:8. For ·¤ 5 ¡ 3:8 the adsorption changes
abruptly to multiple layers that appear to grow continu-
ously as the chemical potential is increased. This behav-
iour is indicative of a prewetting transition occurring.
The coexistence chemical potential at this temperature
calculated from the equal area criterion is ¡3:801, in
agreement with the local density pro®les in ®gure 6.
Similar behaviour can be seen in ®gure 7, where the
thin-to-thick ®lm transition occurs between ·¤ ˆ ¡3:76
and ¡3:75. The coexistence chemical potential calcu-
lated from MHR is about ¡3:75, in agreement with
the local density pro®les.

We have computed the saturation chemical potential
(·¤

sat) for the bulk phase vapour±liquid transition from

T ¤ ˆ 0:8 up to the apparent critical point from MHR of
the bulk ¯uid [35]. The values of the prewetting transi-

tion chemical potentials (·¤
pw) were computed over

0:8 4T ¤ 4 0:88 from which ¢·¤ ˆ ·¤
sat ¡ ·¤

pw was com-

puted. The plot of ¢·¤ versus T ¤ is shown in ®gure 8.
Theoretical predictions indicate that ¢·¤ / …T ¤ ¡ T ¤

w†3=2
Figure 5. Density probability distribution for the same

system as in ®gure 4 for T ¤ ˆ 0:83 and ·¤ ˆ ¡3:801:

Figure 6. Local density pro®les obtained from GCMC simu-
lations for the same system as in ®gure 4. Pro®les are for
·¤ ˆ ¡3:9 (solid line), ¡3:81 (dotted line), ¡3:8 (dashed
line), ¡3:78 (long dashed-line), and ¡3:77 (dot-dashed
line) at T ¤ ˆ 0:83.

Figure 7. Local density pro®les obtained from GCMC simu-
lations for the same system as ®gure 4. Pro®les are for
·¤ ˆ ¡3:85 (solid line), ¡3:8 (dotted line), ¡3:76 (dashed
line), ¡3:75 (long dashed line), and ¡3:73 (dot-dashed
line) at T ¤ ˆ 0:88.



[46]. Hence, a plot of ¢·¤ versus T ¤ can be used to
identify the wetting temperature by extrapolating the
curve to ¢·¤ ˆ 0 [47]. The solid line in ®gure 8 is the
result of a power law ®t to the data using an exponent of
3/2. However, an inspection of the simulation data
reveals that they lie on a straight line with a correlation
coe� cient of 0.9994. The estimates of T ¤

w from the
power law and linear ®ts are 0.53 and 0.623, respect-
ively.

The prewetting line for this system was computed [48,
49] in order to compare with data from [8]. The density
of the gas in equilibrium with the adsorbed phase at the
prewetting point was computed by

»¤
pw ˆ »¤

sat exp
·¤

pw ¡ ·¤
sat

T ¤

³ ´
; …14†

where »¤
pw and »¤

sat are the reduced bulk densities for gas
at the prewetting transition and vapour±liquid satura-
tion, respectively. This assumes that the bulk gas is ideal
in the calculation. The results are shown in ®gure 9. The
prewetting transition densities at T ¤ ˆ 0:85, 0.87 and
0.88 are 0.0146, 0.0170 and 0.0183, respectively. These
results agree well with values reported by Finn and
Monson [8]. We ®tted the prewetting line and the satu-
rated vapour line to two separate polynomials. The solid
and long dashed lines are the results from the ®tting.
The value of T ¤

w was estimated by extrapolating the
two lines to where they intersect. This gave T ¤

w ˆ 0:69.
We note that it has been predicted from theory that the
prewetting and bulk saturation lines should meet tan-
gentially [8, 48±50]. Therefore, extrapolation of the two
polynomials is not only unreliable but also theoretically
not justi®ed. Nevertheless, the estimate of T ¤

w ˆ 0:69 is

in reasonable agreement with T ¤
w ˆ 0:62 obtained from

linear extrapolation of ¢·¤ versus T ¤.

The reduced wetting and critical prewetting tempera-
tures estimated for the Ar/CO2 system or similar

systems are given in table 2. Note that many of the

calculations employed density functional theory, which
is not expected to give results identical to simulations

given the approximations in the theory. From a compar-

ison with the previous estimates of T ¤
w we conclude that

the power law extrapolation of the ¢·¤ versus T ¤ curve

is not accurate. We believe that T ¤
w for this system is

probably close to our estimates from linear ¢·¤ versus
T ¤ extrapolation and extrapolation of the prewetting

line, T ¤
w ¹ 0:69. The estimate by Finn and Monson of

T ¤
w ˆ 0:84 is undoubtedly too high, given that we de®-

nitely observe a prewetting transition at T ¤ ˆ 0:8.

Figure 8. ¢·¤ ˆ ·¤
sat ¡ ·¤

pw as a function of temperature for
the same system as in ®gure 4. Filled circles are computed
from MHR. Also shown are the ®ts to the data to the
power law form (solid line), and linear form (long dashed
line).

Figure 9. Temperature±density phase diagram for the same
system as in ®gure 4. The circles are the densities of the
bulk gas in equilibrium with the adsorbed ¯uid at the
prewetting transition points calculated from MHR. The
squares are the vapour side of the bulk vapour±liquid
phase diagram computed from MHR of the bulk ¯uid.
The solid line and the dashed line are polynomial ®ts to
the data. The two lines intersect at T ¤ ˆ 0:69.

Table 2. Reduced wetting temperature T ¤
w and reduced pre-

wetting critical temperature T ¤
pwc for Ar on CO2 and Ne

on Mg

Source T ¤
w T ¤

pwc

Ebner and Saam [23] 0.77 0.92

Tarazona and Evans [60] 0.957 0.988
Meister and Kroll [61] 0.90 Ð

Finn and Monson [8] 0.84 § 0.01 0.94 § 0.02

Soko owski and Fischer [62] 0.975 § 0.025 Ð
Bojan et al. [63] 0.65 0.88 § 0.03

This work 0.69 0.92



The relative ratios Pwet=Psat are plotted in ®gure 10.

The ratio was computed from Pwet=Psat ˆ exp……·¤
pw¡

·¤
sat†=T ¤†, where Pwet and Psat are the pressures at the

prewetting transition and saturation, ·¤
pw and ·¤

sat are
the reduced chemical potentials calculated from MHR

with the equal area criterion. Ideal gas behaviour was
assumed in the calculation. As expected, the ratio
decreases with temperature. The value at T ˆ 0:88 is
85.5%, close to 87.9% calculated by Finn and

Monson [8].
The density probability distributions at T ¤ ˆ 0:92 for

¡3:72 4 ·¤ 4 ¡ 3:66 are shown in ®gure 11 (a). The

isotherm is shown in ®gure 11 (b). It is di� cult to tell
from the isotherm whether or not there is a prewetting
transition at this temperature (®gure 11 (b)). However,
the density probability distributions are de®nitive proof
that T ¤ ˆ 0:92 is above the prewetting critical point,
because the equal area criterion cannot be satis®ed for
any choice of ·¤ (®gure 11 (a)). Probability distributions
at T ¤ ˆ 0:91 and 0.9 are somewhat ambiguous. They
show two peaks that are in the process of merging.
From these observations we estimate that T ¤

pwc is close
to 0.92. This value is in reasonable agreement with other
estimates (see table 2). We note that an accurate esti-
mate of T ¤

pwc would require a ®nite-size scaling analysis,
which is beyond the scope of this work.

5. Layering transitions
In this section we present our MHR predictions for

the 1±2 layering transition of propane on the basal plane
of graphite. Propane was modelled as a three-site united
atom molecule using the potential model of Lustig and
Steele [51]. The potential parameters for this model
are the LJ parameters " and ¼, the bond lengths of
the isosceles triangular framework ¯, and the bond
angle ³. The values of the potential parameters are
"=k ˆ 119:57 K, ¼ ˆ 3:527 AÊ , ¯ ˆ 2:16 AÊ , and ³ ˆ 90¯.
There are several united atom propane models available
in the literature [52±55]. We adopted this model because
of its accuracy in predicting the PVT properties and
internal energies of pure propane and the good agree-
ment between experimental and simulated adsorption
isotherms for propane on graphite [56]. The graphite
surface was modelled as a smooth basal plane using
the 10-4-3 potential given by equation (9).

The volume of the simulation box for histogram
collection calculations was set to 1000¼3. Periodic
boundary conditions and minimum image conventions
were applied in the x and y directions of the simulation
box. The lateral dimensions of the simulation box were
equal in the x and y directions. One wall of the simula-
tion box was chosen as the adsorbing surface and the
opposite wall was chosen to be purely repulsive to keep
the molecules in the box. The separation between the
two walls was ®xed at H ˆ 10¼ so that the in¯uence of
the repulsive wall on the adsorption properties was neg-
ligible. The site±site interaction cuto� distance was 3.5¼
and no long range corrections were applied. Each simu-
lation was equilibrated for 5£107 moves, after which
histogram data were collected for another 5£107

moves. We collected histograms spanning coverages
ranging from a monolayer (5:9 mmol m¡2) to a complete
bilayer (14:2 mmol m¡2) at a temperature of 130 K. We
chose this temperature because it appears to be above
the critical layering transition temperature, which
allowed sampling of all coverages spanning the 1±2

Figure 10. Ratio of the prewetting transition pressure to the
saturation pressure for the same system as in ®gure 4.

Figure 11. (a) Density probability distributions for the same
system as in ®gure 4 at T ¤ ˆ 0:92. Distributions are for
chemical potentials of ·¤ ˆ ¡3:72 (solid line), ¡3:71
(dotted line), ¡3:7 (dashed line), ¡3:67 (long dashed
line) and ¡3:65 (dot-dashed line). (b) Isotherm computed
from MHR at T ¤ ˆ 0:92.



layering transition. Additional histograms were col-

lected at temperatures down to 100 K, but only sampling

a few state points in the monolayer or bilayer regime. A
total of 53 histograms from di� erent state points were
collected.

An independent series of GCMC simulations was

performed (without collecting histograms) for a larger
system size with a volume of 4250¼3 and H ˆ 20¼ [56].
The isotherms predicted from MHR for the smaller

volume are compared with GCMC simulations in

®gures 12 and 13. We observe that the MHR calcula-
tions on the small system size give a very reasonable
representation of the behaviour of the larger system

size. The layering transitions occur at close to the
same pressures, although there is some di� erence in

the coverages, which may be due to ®nite-size e� ects.
The 1±2 layering transition observed from the GCMC

simulations does not appear to be very sharp. In con-
trast to simple ¯uids like methane on graphite [57], that

show very sharp layering transitions, the propane±gra-
phite system is complicated by orientational changes of

the propane in the ®rst layer. The orientational changes
allow an increase in coverage in the ®rst layer after the

monolayer is apparently `full’ and also promotes
adsorption in the second layer [56]. Density distributions

from MHR at 100 K show two regions that are not well
separated. This may be indicative of system size e� ects.

We have previously observed that vapour±liquid density
distributions for bulk ¯uids start to merge for subcritical

temperatures, when the system size is small.
The value of the critical layering transition tempera-

ture is often of interest [31]. In principle, one can esti-

mate the location of the critical layering transition
temperature by the disappearance of two distinct
peaks in the density distribution. However, the lack of
distinct peaks is not a necessary condition for supercri-
ticality, since two peaks in the density probability dis-
tribution may be observed for temperatures slightly
greater than the apparent critical temperature [58]. A
rigorous estimate of the critical layering transition tem-
perature would require ®nite-size scaling analysis. An
additional problem for this system is that the density
distributions at subcritical temperatures are not well
separated to begin with. Nevertheless, we have estimated
T c…2† to be around 120 K for the propane±graphite
system. This value is very close to the experimental
result for ethane on graphite of T c…2† ˆ 120:8 § 0:3 K
[59]. It is somewhat surprising that T c…2† is so similar
for ethane and propane. This may be due to inaccuracies
in the potential models used in these simulations, or
perhaps due to the orientational transitions in the pro-
pane monolayer. Additional simulations for ethane
adsorption would be useful for understanding the simi-
larities and di� erences in these systems.

6. Conclusion
The multiple histogram reweighting technique has

been used to study capillary condensation, prewetting
transitions, and layering transitions. The critical capil-
lary condensation temperature and density are estimated
to be T ¤

c ˆ 0:77 and »¤
c ˆ 0:482 for methane adsorption

in a graphitic slit pore of width H ˆ 5¼. Crossover of
the e� ective exponent value from 2D Ising-like to
mean-®eld occurs for capillary condensation. To our

Figure 12. T ˆ 100 K isotherm (solid line) for propane
adsorption on graphite predicted from MHR for a small
system size (volume ˆ 1000¼3) compared with GCMC
simulations for a larger system volume of 4250¼3 (circles).

Figure 13. T ˆ 110 K isotherm (solid line) for propane
adsorption on graphite predicted from MHR for a small
system size (volume ˆ 1000¼3) compared with GCMC
simulations for a larger system volume of 4250¼3 (circles).



knowledge, crossover for capillary condensation has not
been observed previously. The precision and abundance
of the coexistence data generated from MHR were cru-
cial factors in the successful observation of crossover.
Adsorption of Ar on solid CO2 using the potential
models of Finn and Monson shows prewetting transi-
tions at temperatures lower than previously observed.
The reduced wetting temperature is estimated to be
around 0.69 from the extrapolation of the prewetting
transition line and the saturated vapour line. The
reduced critical prewetting temperature is about 0.92,
as estimated from the disappearance of two distinct
peaks in the density probability distribution. Layering
transitions were computed from MHR for propane
adsorbing on graphite. The transition pressures are in
good agreement with previous simulations for larger
system sizes, indicating that MHR calculations for
small system sizes can be useful for predicting the behav-
iour of larger systems. We estimate T c…2† ¹ 120 K,
based on the merging of the density probability distribu-
tions.

We have demonstrated that MHR can be a useful tool
for computing the properties of adsorbed ¯uids, espe-
cially when one is interested in investigating phase tran-
sitions. However, there are drawbacks to MHR that
should be mentioned. E� ciency in collecting histograms
decreases dramatically with decreasing temperature and
increasing volume. It is advisable to use the smallest
simulation box size that is possible when performing
MHR. The reason for this is twofold. (1) The overlap
between neighbouring states becomes smaller as the
system size increases, necessitating a larger number of
simulations to span the same temperature range. (2)
Longer simulations are required to capture the increased
number of microstates available in larger systems. We
have used standard Metropolis Monte Carlo in our
work. E� ciency gains could be made by implementing
biasing methods that would increase the width of the
density and energy distributions sampled in a single
simulation. However, it is clear that MHR is not a
very e� cient method if large system sizes are needed.
Another drawback of the MHR method is that there
is no clear way to estimate the precise critical tempera-
ture for a transition without resorting to ®nite-size
scaling methods. The disappearance of two peaks in
the density distribution is a su� cient but not necessary
condition for a system being in the supercritical region.
The double-peaked distribution is known to persist to
temperatures that are slightly supercritical [58], so that
absence of the two peaks can serve only as an upper
bound measure of the critical point.
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